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§ 4. GROUPS 
. G z ed under a binar 

Definition. A group (G, *) is a set ' cos , . · 
fi ll . · s (known as group axzonis 

operation * , such that the o owuzg axzonz · 
are satisfied: 

G
1
: For all a, b, CE G we have 

(a*b)*c = a*(b*c) (associativity of *) 
G

2
: There is an elen,ent e, called an identity o,f *, in G such that 

for all aE G, 
e * a = a* e = a (existence of identity) 

G
3

: Corresponding to each aE G, there is an elenzertt b in G such 
that a* b = e = b * a (existence of inverse) 

, The element bis then called the inverse of a and is denoted by a- 1 or 
a , so that a* <r 1 = e = a- 1 * a or a* a' = e = a' * a 
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Abelian Group. A group (G, *) is said to be abelian or commuta­
tive group, if iri addition. to the axionis G

1
, G

2 
and G

3 
the following 

axiom also liold: 
G

4
: For <z11y a, bE G, (commutativity of *) 

I I Remark. For your information, we remark that binary algebraic 
structures with weaker axion1S than those for a group have also been 
studied quite extensively. Of these weak?=-Structures, two important binary 
structures are semigroup and monoid.~ semigroup is a set with an 

I associative binary operation. A 1nonoid is a seniigroup that . has an 
identity ele1nent for tlie _binary operat:n- j Note that every group is both 
a semigroup and a n,ono1d. 

tis oossible to give axioms for a group (G, *) that seem at first glance 



roblem 1. Slzow that the set Z of all i11tegers 
{ ... , - 3, - 2, -1, 0, I , 2, 3, ... } 

is an abelian group with respect to tlze operation of additio1z of 
i1ztegers. 

Solution. In order to show that Z is a group, we should verify all the 
group axioms. Since the sum of any two integers is an integer, addition is a 
binary operation defined on Z . The closure property is the ref ore satisfied. 

G
1
: For any a, b, cE Z, (a+ b) + c =a+ /J + c = a + (b + c). 
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TI1erefore addition of integers is associative. 

G2: The element O is in Z and 

0 + a = a= a + o, for all aE Z · 
Therefore O is the identity elen1ent. 

G3: If a is in z, then - a is also in Z and 
a + (- a) = 0 = (- a) + a. 

Thus every integer possesses additive inverse. 
· th· t ddition of numbers is Hence ( z , +) 1s a group. Also, we know a a 

comrnutative. Hence 

G 4: For any a, b E z , a + b = b + a. 
Hence ( Z , +) is an abelian group. 

Problem 2. Show that the set z+ , of natural nunibers is not a 
group with respect to. addition. 

Solution. Since sun1 of two natural numbers is a natural number, 
addition is a binary operation on z+, i. e., z+ is closed with respect to 
addition. Also addition of natural numbers is an associative operation. But 
there exists no natural nun1ber e, such that e + a= a= a + e, for a11 aE z+ . 
For the addition of numbers O is the identity elen1ent and O i Z +. Therefore 
cz+, +) is not a group. 
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