
Problem 4. Deterniilze wlzetlzer tlze bi,-zary operatio1i * defi,zed 
J below is co,nniutative a1zd wlzetlier is associative : 
I 

(i) ~* defin,ed on Q by letting a* b = ab + 1. 

(ii) * defi11ed 011, z+ by letti,zg a* b = ab. 

Solution. (i) For any a, bE Q, 
a * b = ab + 1 and b * a = ba + I = ab + 1 . 
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erfore a* b = b * a for all a, bE Q and so * is conunutative on Q. 
or any a, b, CE Q, 

(a* b) * c = (ab+ 1) * c = (ab+ l)c + 1 = abc + c + I 

a* (b * c) =a* (be+ 1) = a(bc + 1) + 1 = abc + a+ I. 
Hence if a* c, then (a* b) * c * a* (b * c). Therefore * is not 
iative on Q. 

(ii) For 2, 3 E z+, 2 * 3 = 23 = 8 and 3 * 2 = 32 = 9. 

Therefore 2 * 3 :t 3 * 2. Hence * is not commutative on z+ . 
For 2, 3, 4E z+, (2 * 3) * 4 = (23) * 4 = (23)4 = 212 

2 * (3 * 4) = 2 * (34
) = 2 * 8 I = 2 81

. 

Therefore (2 * 3) * 4 -:t. 2 * (3 * 4). Hence * is not associative on z+. 

Problem 5. Prove that the operation © on Z , defined by 

11i EB n = nu1 - 1n - n + 2 
a binary operation with identity elen1ent. 

Solution. For any two integers m and n, 111 © n = 11111 - ,n - n + 2 is an 

eger. Hence 11i EB n E Z , for all n1, n E Z . 111erefore EB is a binary 

For any lllE Z and for some XE Z, 

,n EB x = 111 ⇒ m x - 111 - x + 2 = m ==> m (x - 2) - (x - 2) = 0 

⇒ (nz - 1) (x - 2) = 0 ⇒ x = 2 

x EB ,n = ,n ⇒ x nz - x - 111 + 2 = 111 ==> m (x - 2) - (x - 2) = 0 

==> (nz - 1) (x - 2) = 0 ⇒ x = 2. 

Therefore 111 EB 2 = 111 = 2 EB 111, for all 111 E .Z and 2 E .Z. Hence EB is a 

nary operation with identity on Z and 2 is the identity elen1ent. 
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