
§2.ALGEBRAICSTRUCTURE 
A non-empty set S together with one or more binary operations defined 

on S is called an an algebraic structure. Suppose ' * ' and '_o ' are two 
binary operations defined on S. Then (S, * , o ) is an algebraic structure. 

A non-empty set S together with a binary operation operation * on S, 
denoted by (S, ~) or ( S, *) , is called a binary structure or binary 
algebraic structure. 

= 



• 

Definition. Let (S, *) and ( S', *') be two bi11ary algebraic 
structures. A,i isomorphism of S witli S' is a 011e-10-01ie Junction 
111apping S onto S' such that 

(/,(x * y) = </)(x) *1 
tf,(y), for all x, y E S. . .. (A) 

If such a 111ap q, exists, then S a11d S' are isomorphic binary structures, 
wliich we denote by S = S'. 

The property of the isomorphism q,, displayed by equation (A) is usually 
known as homomorphism propertyJTous a one-to-one onto map satisfy
ing the homomorphism property is an isomorphisn1. 

Remark. To show that two binary structures (S, *) and ( S', *') are 
isomorphic we have to proceed as follows : 

Steg 1. Defi11e tlie function <J, tliat gives the iso11iorphis11z of S 
with S'. This means that we have to .describe in some fashion, what </> (s) 



R, 

, where • is 
real nw11bers. 

. so for any%, ye R , 

eJf, = 1ne1 => x = y. 

,e R and ;on r) = e10 r= r. Hence q, is 

ne--to.;one onto map. 

f (x + y) = ex+ 1 = ex• e 1 = ; (x) • q, (y). 
1beiefore ; satisfies the homomorphism property and hence is an 

isomotphism Since , : R ➔ R + is an isomorphism, the binary structures 
(R. +) and (R+, •) are isomorphic. 

Problem 7. Let 2Z= {2n: ne Z }, so that 2Z is the set of all even 
integers, positive, negative and zero. Prove that ( Z , +) is isomorphic 
to (2 Z , + ), where + is the usual addition. 

Solution. Define 'If : Z ➔ 2Z by 

'If (n) = 2n, for all ne Z. 

Then 't/f is a well defined map from Z to 2 Z . Also for any n, me z , 
'lf(n) ='lf(m) ~ 2n = 2m ⇒ n = m. 

Therefore 'If is one-to-one. 
Choose any ne 2 Z . Then n = 2m for m = nn e z and so 



<1ROlJPS AND S1 JBGROUPS 13 

IJI (Ill) = 2111 = 2(11/2) = II. 

Jlence <J, is onto 2 Z . TI1us (/, is a 011e-to-011e onto 111ap. 

For any ,i, niE IR , 
Vt (11 + 111) = 2 (11 ➔- 11.1) = 211 + 2,n = l/f (n) + 111 (111). 

111erefore •11 satisfies the hon10111orpl1is1n property and hence is an 
i:,ornorphistn. Since 1/f: Z ➔ 2Z is an isomorphism, the binary structures 

( Z, +) and (2 Z, +) are ison1orpltic. 
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