CHAPTER - 5
COMPLEX NUMBERS

1, INTRODUCTION

The concept of complex numbers was originated out of the need to
solve quadratic equations with no real roots i.e., quadratic equations with
gisciminant less than zero. In higher secondary classes, you must have
deﬁncd a complex number to be a number of the form x + iy where x and y

e real numbers, i= v~1, In this chapter, we are going to introduce a new
definition, which will actually establishes a one-one correspondence be
tween the set of all complex numbers and R? | the Euclidean plane.

Definitions. Q\ complex number z is defined as an ordered pair
(x, ) of real numbers x and y, written

z=(x,y), x,ye R
Here x is called the real part and y the imaginary part of z, wntten

x=Rez and y=Imz.
Forcxamplc Re (4,-3)=4 and Im (4, - 3)_-@

51. ALGEBRA OF COMPLEX NUMBERS
~_Equality of Complex Numbers

TWO complex numbers z, = (x,, y,) and z, = (x,, y,) are said to be
equn] if and only if their real parts are equal and their imaginary parts are
equal 8., 3, =% if and only if x = x, and )’1 ¥

/ Sum of Complex Numbers

[ The sqmz, S 288 tho complex numbcrs z, = (x,, y,) and z, = (x,,
1sa complcx number given by

gy t 5= XD+ (5, 9)=(x +x,,y +,).
For example (3 -2)+(4,3)=(7,1).

Y,)

plex Numbers

of two complex numbers z,=(x, y) and z, = (X,, ¥,)
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el

i$ a complex uumbcr given by

2,8, = (6 ¥y) y,) = &2 ¥ -Pi&l
%rexanmic o -2)(4 3)=(12 +6. 9-8)=1 | §
bers

DltTerence of Complex Num

Lﬂlc difference I, — , of two c0 .
Ty = (X Wy DS acomplcx numbcr given by 3
g el yp) -0 W= 1 -n 0%

3I—r—l =

Forexampla (3\-°)—(4 N=03-4-

Quotient of Complex Numbers e
The quotient of two complex pumbers z, and 2, demoted by -;:—- isa
ex number z such that 2,2 = 3;- |

Let g, =(x,, ), ), :,=u,_\ yapd =1L ¥

Then, nz=z = (X2.)2 Sie% i (I[ i )
= (x— Y2 ¥. ¥ ¥ 2 ,x) = (5. ?)
D XX - Y2 ¥ =X and I,t-—rz_t—y..

Solving these equations for x and y. W= 2=t

XX, + ¥ ¥ W —
2 = J1d -
X = - l? 2 and y=— : I’:’.“

XN x3 +)
4 -t
(. (‘1 ‘!) et o SR B I?'l Il."z :
z 2 . .

§3. REPRESENTAnonmmm t=xiiy

A complex number whose imagmary &,
number of the form (x, 0), has the prope '—‘B:- """‘"%

hence we identify (x. 0) with the real mumber r The ’

whose real pmlsmomcaned;mm emple
The pure imaginary number (0. “B*&ﬂ e

usually denoted by & “

From the definition of multiplication.
i =(0. DO, 1) 0-1 (H-ﬂp-g—l,ﬁ_._l_




3 Commutative laws’

Addition an S
i d multiplication of complex numbers is cummutative : « :
| _‘11 2 4I€ any two complex numbers utative, 1.e., if

G I — '
B s GehEand. 2,25 27

Proof. Let =
Z, (xv y,) and 2, = (x,, y,). Then since addition and

: ;j{m.ltlphcatlon of real numbers is cummutative, we have

e

SRS YD+ 05+ ) =0, + 5,y + 1)
= o +X, 3,4+ y) =00, 9)+ (0, ) =1, + 7,
242y = Xy, Y (X5, ¥,) = (XX, = Y,9,, X9, + Y,X)

= (X, -y2yl’ Y&y + XX = (X, y) (x,y)) = 1
- Associative laws

Addition and multiplication of complex numbers are associative. i.e., if
and z, are any three complex numbers,

' (2,4 2) + 2, = 7+ (2,+ 25) and (2)2,)2, = 2)(2,25).

iative laws can also be proved easily as above, using the fact
ition and multiplication of real numbers is associative.

o
 are any three complex numbers,

Z)= 2,2,+ 7 23 and (2, + 2,)2, = 223 + L)%s- ¥
/e laws also follows easily from the definitions of the addition
ion of complex numbers and the fact that real numbers obey
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ultiplicative identity

d the multiplicative identity | = (| ’

mplex number system. )
| for any complex number ,

additive and m

(0,0)an
o the entire ¢0

Existence of

The additive identity 0=
nbers carry over t

for real nuI o
i.c..:+0=:=:.+0 and z: 1 =2=% "
Note that 0 and | are the only compleX qumbers With such properties
Existence of additive inverse

7= (x, ), there exists a compley

ch complex number |
7= (=X =Y which satisfies the

0,0)=0. This complex numbey

Associate with €2
qumber, denoted by —2 and defined by —
A=k N+EX% " y)=
additive inverse of Z

ber, there is only one additive

plex num
)+, v) = (O, 0) implies that u = —

equation 2 + (=
_ 7z is known as the

Note that, for a given com
inverse, since the equation (x' %

and v=-Y.

Existence of multiplicative inverse
complex number Z = (x, y), there 1s a number 7!

erse of z, such that zZ° L=
rse is less obvious than the additive inverse

For any non-zero
known as multiplicative iny

Thus multiplicative inve

To find it, let 771 = (u, V).

Then, srl=1 = (x uv)=1

— (- yv, xv + yu) = (1, 0)
; — xu— yv=1and yu +xv=0.
Since z = (x, y) # (0,0), the above system of linear équations in uandv

will have a unique solution, given by
x B

u=——— and v =
¥y %
. R x -ty x%+ y2
ence multiplicative inverse of z is given by
b T X R 4

2 2
Xty .\}2+y2

Remark 1. The exi ars ot
I prdduct ; z;lsuzzencc;;)f multiplicative inverses enables us to show
1 ro, then so is at least '
one of the factors z, and Z
] X

i- c. A
. 2,2, = o .



§6. COMPLEX CONJUGATES y .
. y = %)
The complex conjugate or simply the , :
conjugate, of a complex number ;
is defined as the complex number i
= : . I
Z =0 -y =x-iy. "
The point 7 is the reflection of the point z T=(x~y)
: _ ) FIGURE 5.3
in the x- axis, as shown in the figure. o
Properties of complex conjugates
If z, and z, are any two complex numbers, then
: Z1+Z_1_ .Zl_z_l_' ox L
(1) > =Rez; TR Imz,. (i1) (21) = 25
) z;+2z5 = 2y + 2,. iv) z;-z, = Z—l —Z-
ey ; Z z;
(V) L4189 = T By (v1) (—IJ = —_1—
%) 29

Proof. Let z, = (x,, y)=x+iy and 2, = (Xy, y,) = X,+ iy,
Then z)=(x,—y;)=x~iy, and z,=(x,,— ¥2) =Xy —iyy.

| Xy iy, +—1
0 121= 1 121 y1=x]:Rcz]

Zl—a_ x1+iy1—(x1—iyl)_ %
and 2 % = Y1'= [lnzl.

(i1) (Z) =x-b =xn+i(-y) = x —i(-

T

:
1
3
.z
;
..!
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i) 2t 2= (atiy)+(x +y, )= (

x1+x2)+‘()’1+)’2)
) E ) T
( 1 xz) '()’1+)’2) ( 1"0’1)*(12‘")’2)

e Zl+ Z?_.

The other properties can be similar]

cise to the students. Y proved and they are left as

pe

7. MODULUS OF A COMPLEX NUMBER

Tlle— modulus or absolute value, of a complex number z = x + iy is
efined as the non-negative real number sz + y? and is denoted by | z|

e | 2|={ % 5.
For any complex number z=x+iy, 7=x-1y and hence

zz=x>+y%

ence modulus of z denoted by |z|, can also be defined as the non- negative
;quarc root of zZ.
oY l Z l = \}

Geomctncally, the number [z | is the distance between the point
z=(x, y) and the origin. Consequently, |z, —-z2| is the distance between the

mts z and z,. This fact is also evident from the definition, since
\ —zz\ =|q-x)+iOn~ )| = (xl x3)” +()’1 y2)’.

1 The statement |z,|> |z, | means that the pomt z, is farther

x f linear order,
R than is the point z,. Thus elementary notion o
Ror arlglﬂ lm than, 1s applicable to absolute values because they are

. ~ However the statement z, > 2, OT z, <2, are meaningless,
- . mal

ted with cach complex number z, there are three

and |z| They are related by the cquatnon

2| =(Re2)’ + (Im2)"

_J‘if- “‘-.Rez-\?.Rez and \ zl_\ ImleIm/z.J
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Properties of Moduli of Complex Numbers

If z, and Z, are any two complex numbers, then

' ﬁ 7| = | 24 1) |zz,
G | 4 1l
) 'Zzl
V) [z +2,] 2 21| =2, (vi) |z

Proof. Let. 2. = = (X, ¥} and Zy = (X, 3,).

, o 'le 'IZZ|-

(1v) < +Zzl 5 Izll+|zzl

zZ'-llzll“IZQH

2 .
@) [z,[_\/xl +y% and z,-—(x; )= )c1 iy,.

*a| =[x iy = 22 +(=yp)?

(11) ]zlzzl = (2132) EZT) (2122)- (

= 2 2
= (lel)'(2222)=|21| 1z,]°.

Taking Square roots of both sides, we get

'Z]ZZI ='Z|| 'lZzI.

2 TN
Zz Z Z
Z3 22 %)

i3 5T et 2]
$ =2y Uy |z2|

Taking squarc roots on both sides, we get

_lzl,

Izzl'

Gv) |z +2,[°= (z1+25) (2 + z;)

= (5+ Zz)(z_1+ ;;)

2 451 ¥4ty *5 25 ¥ XY

»” lzllz +212, + 712, + lzzlz

v‘xl-{-ylz :lzll.
22) - [ |z| -zz]
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= fals 2R;:(z12;)+| 2|
slznlz”‘zla‘*lz!ll [‘-'Ren;is\h;in
< \z,|2+2‘ ZI‘F;\ | 5|

= |z | +2| z,”zz[ﬂzz] = ] o)+ 4]
jing Square roots of both sides, we get
|zt 2, < |Zl|+|zzl
cdension of the above rule:
. we get . ‘
%:11 z,+ 23| <|lz|+ ‘zz+z3\ S‘\zl\ﬁ-\zzl + | 23]
Generalizing, we have

lZl+Zz+"’+zn‘ S-‘ zl‘ * ‘12.‘ +"'+\ zu\“

Replacing Z, n the above result by

(V)

<lzy+ 5|+ | using inequality (iv)|
;|| 7-11 + Zz“ "’l‘ 12l‘- [\‘ 25| =| Zz‘]
lal-lzl s a+tz] e, |21+ 2, 2 \z.\-—\z:\. ;
ni) | 7 -z | = (2 = 22)(21 - 22) e _[\’-‘ iz"-]
=45 '-"Zz)(-z—l "2—2-)_:_ St z1212 3%t
e
- ‘zd ZRe.(z,zz)+ |2, |"

e(z122)2 - 2‘1‘“22‘
R“(lez) ‘z:%t»-"lz;l‘e—l:’ g -
Hence (1) becomes, !

K ‘22 e ' i‘ﬂ-‘zzl Unl lzzl]
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Remark 1. Inequalities derived in (1v) and (Yi) are known 3 triangy,
inequalities. They are equivalent (0 the Geometrical statemeps that g
requal to sum of the len e

length of one side of a triangle i less lhun.o . sk gths of
the other two sides and that the length of one side of a triangle i greate

than or equal to the difference of the length of the other two sides:

Remark 2. In the triangle inc_quality 1. €., lil 2, + 5,|< |Zl |+|z2|wc
= Re (Z,Iz_z) 1::€%, iff Z1Z9 1S purcly real and nop-

{142

get equality iff
negative i.e., iff 'I?Zh = a, where ac R and a > 0 1. e., if and only f

a a 3%
e = =00, where b=——¢€ R and 6> 0.
3 |z |2,

Problem 1. Prove that 2| z|>|Re z|+|Imz].

“ Solution. Let z=x+1iy.

; 2 2
Then Rez=x, Imz=y and |z|=\/x +y°.
Since square of a real number is always greatér than or equal to zero,

we have

Nl e s, e -y L

[Ix1-1y1° 20
This implies |x|2+|y|2—2|x||y|20.
ie. x2+y2220x|ly) [ |x)*=x, VY xeR]
Now adding x> + y*= | x| + |y |2, to both sides of the above inequality,
we get

Py b TS

2 g
2(x+y2) 2 1xP 1y P+ 20 x|l yl=[ x| +1y1 ]
Taking square root of both sides, the above inequality becomes

JZ\x+y? > |x|4]y] = [Rez|+|Imz|
ie, V2 |z|2 |Rez|+|Imz|.

Problem 2. Prove that

& +2,|" 4|z - =72 4|+ 2 i
Interpret the result geometrically.
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Solution. }21 ¥ 12‘2 + ‘Zl v Mlz
= (1t a)(n 4 1) H@ - 1)(2 ~2y)
@ (z| : zz)(r|+ z;) ( 7 - :2)(':; -1)

|
-
u
A

hgmv 5S4 Let Aand C

= 2z z + 22 2’ %\
Let OABCbe a parallclogram as shown in lhe

genote the complex numbers z, and z,, ke .
' Then OA =|z|=CB ‘

and OC=|z,|=AB.
Then OB=|z‘+z2|
j and AC=|zl-;2|, £
. Hence from the result derived | ©
sbove, it follows that [ PoureSd

OB? + AC? = OA? + AB® + BC*+ CO°,

A That is, the sum of the squares of the sides of a parallelogram is equal
 to the sum of the squares of the diagonals.

Rﬂm Because of this geometric interpretation, above identity is
m as Paralklagram law.

m 3. If the complex numbers I Ly &,y are the vertices of an
al triangle, prove that

B(z,)

‘ 2 (0-2)@-5) = (2 -u)(E )

C&)
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= 1= =
Z7 — 13 £~ €2
2 —2 In~Za L - B8
ﬁ —l —2_—'__2 = :_:l _‘ | '_=-£="a""-+—§.
ZZ—A,S Ll—\.z \.l—s_': ;"_ b d b+d
e Zl—Zg = 2 — &
Pt 7 e | e &

2 2
Also, 122 - Z3l =|Z3 T Z||
= (2, - Z3)(52 g 53)=(31 > 33)(31 5 2;) )
Multiplying equations (1) and (2), we get
(2,-2)(z2-w3)=(a - z3)
185 4
Problem 4 Find the equation of the circle with centre z, and

radius r.
Solution. A circle with centre z, and radius r is the collection of all

points whose distance from z, is r Let z be any point on the circle. Thep
equation of the circle with centre z, and radius r in the complex plane is

|z- 20| ="
Now |z—zo|=r = |.z—‘-zo|.2=r2
— (z—zo)(f-30)=rl
= Z-207-202+ T =T
- |z|2—(302+%32)+|20|2=r2

2

2 — 2
: = IZI "'2RC(Z(}Z)+I10| =f2.
Hence equation of the circle with center z, and radius r can also be

written as
i —2Rc(zoz)+ |2 “ =12

- Example 4. Show that

at (513, 0) and radius 4/3. i

.

g+ : R
——| = 2 represents a circle with cenfre
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z+1 2
___ll_—_Z =|z+1]| =4lz_1‘2

= (z+1)(Z+1)=4(z -1)(z —1)

=327-5z-52+3=0

= TZTE 22147 41 =0

=(z-3)(-3)-t =0

2
= oo 16 o ) g |
:"z 3\ 9 =°\Z 3\“3'

which is a circle with centre % [= (-';- , 0)] and radius %.

Solution.

Aliter. Let z= x+ iy. Then,

2dibe |x+iy+1| T RN
£ 7=k oo |x+iy—1|_ =’|x+l+¢y\ -4.\x 1+1y\
| = (x+1)" 4y =4[ =02 4y = (x-5) 452 =8

~ which is a circle with centre at (% ,0) and radius %.
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